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Abstract.On eachorbit W of the coadjoint representationof anynilpotent(con-
nected,simply connected)Lie group G, we construct *.pmductsandassociated
Von NeumannalgebrasG . G actscanonicallyon G by automorphisms.In the
uniquefaithful, irreducible representationof ~, this action is implementedby the
unitary irreduciblerepresentationof Gcorrespondingto Wby theKirillov method.
This construction is uniquelydeterminedby W and gives the classificationof all
unitary irreduciblerepresentationsof G.

INTRODUCTION

Deformationsof Poissonbracketsand associativealgebrasof C~-functions on
symplecticmanifolds (classicalphase-spaces)permitan autonomousquantization

theory without need for Hilbert spaceoperators.This theory is basedon the
notion of *.productsintroducedby Flato andLichnerowicz(seefor instance[1]).
This quantizationdiffers essentially from the geometricalquantizationinitiated
by Kirillov, KostantandSouriau([2]).
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Let us considernow the problem of constructionand classificationof unitary

irreducible representations(U.I.R.) of a Lie groupG. The so-called<<methodof
orbits>> usesthe orbits of the coadjointrepresentationof G which are symplectic

manifoldswith naturalactionof G. Thismethodwasinitiated for nilpotentgroups
by Kirillov ([3]) and the result is an one to one correspondencebetweenorbits

and UIR’s of G. Moreoverthe geometricalquantizationon eachorbit is unique
(up to an isomorphism)and gives an Hilbertian realization of the corresponding

UIR.
In quantization by *..products, some realizationsof groups representations

naturally happen(see [4] for various examples).A first stagefor a systematical
theory of * productson orbits of the coadjoint representationwas performed
in [5] and [6].

Concerningnilpotent connectedandsimply connectedLie groups,*.products

on each coadjointorbit of G were defined.They are formal deformations,inva-
nant under a formal representationof G. Using a polarization,an intertwining

operator is defined on a suitable subspaceof convergent seriesbetweenthe

UIR correspondingto theorbit anda formal representationof G.
This formal approachprivilegies the parametrizationdefining the formal

*product; thus two distincts *products <<converge>>on two distinct subspaces
of the UIR realization and thereis no global intertwiningbetweenthe associated
formal representations.

In this article we adopt directly a functional descriptionof * -productsby
integral formulas on a canonicalspaceof C~-functionson the orbit. We realize

this * -algebraof functionsas operatorson the L
2-spaceof the orbit; its closure

~ is a Von Neumannalgebra.We provethat G actsby automorphismsof G and
give explicitely the unique faithful irreducible representationof 6 on a Hubert

space.In this representationthe actionof G on 6 is unitarily implementedby
the UIR of G correspondingto the orbit. This constructionis independent(up

to anunitary equivalence)of theparametrizationof the orbit.

1 *..PRODU~S

1.1. Formal*..products

Let W be a connectedparacompactsymplecticdifferentiablemanifold.

DEFINiTION 1.1. A (formal) * -product on W is a deformation*>, of the associative

algebraC~(W)in the spaceof formal serieswith parameterX:

(1) u u• v+ E (_x)rcr(u,v); u,vEC~(W),
r> 1
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suchtthat:
i) C~is a bidifferential operator,vanishingon constants
ii) C’(u, v) = {u, v }(Poissonbracketof u andv)

iii) Cr(u, v) = (— 1Y CT(v, u).
We denote by [ . , - ]~ the associateddeformationof the Lie algebra(C~(W),

(2) [u, v]~=—— (u *~ — V *xu); u, vE C~(W).
2X

We shall be concernedfurther by * -productson orbitsof the coadjointrepre-

sentationof a nilpotent Lie group. Thereforewe look for eventualinvariance

propertyof *..productson agroupactionon W.

DEFINITION 1.2. Let G be a group acting by symplectomorphismson W. A
* product~is calledG-invariant iff:

Vr>O, CT(g - u,g - v) = g~Cr(u, v); u,v E C~(J4~gE G,

whereg. is thenaturalactionof G on C~(W):

(3) (g . u)(~)= u(g’ ~); g E G; u E C’~(W); ~ E W.

If it is quite natural to envisagethis invarianceproperty,the following propo-
sition provesthat it is not relevantfor our purposehere.

PROPOSITION1.1. ([6]). Let g be the nhlpotent Lie algebra with basis (X
0,X1,

X,~,Y) (n ~ 3) with only nonvanishingLie brackets:[Y, X1] = X1_1(i = 1, 2,

- . . , n). On the generic orbits of the coadjoint representationof the connected
and simply connected correspondingLie group G there exists no G-invariant
* products •

This negativeresultjustifiesthe considerationof the following weakerinvarian-

ce condition:

DEFINITION 1.3. Let G be a groupactingby symplectomorphismson W. A * -pro-

ducts ~ is called G-covariant if thereexists a representationof G by *.auto
morphisms which is a deformation of the <<geometrical>>representationof G
given by (3):

Tg=(Id+~xra;)og.; gEG,

r>0
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wherethe a
T1sare differentialoperatorsvanishingon constantsand:

Tgg~=TgOTg~

g,g’EG; u,vEC(W).

Tg(U*xV)Tg(U)*xTg(V) •

This notion was introducedin [6] and its interestlies in the following result:

PROPOSITION1.2. ([5]). Let G be a connectedsimply connectedLie group with

Lie algebrag, actingby symplectomorphismson W.

For eachXE g, wedenoteby X thevectorfield on Wdefinedby:

d
(4) (X~u)(~)=— u(exp(—tX.~)!~_

0SEW, uEC~(W).
dr —

Let us supposethat:

i) thevectorfieldsX areglobally hamiltonian

ii) thereexistsan hamiltonianfunctionXfor eachX suchthat

~i,?~= [X,Y1.

Then,each*.productsatisfyingto:

(5) [i,Y]~=~I~,Y’}; X,YEg

is covariant with respectto G.

1.2. Integralformulason ~2k

Let (p1,q1) (j = 1, 2, . . . , k) be a canonicalcoordinatessystemfor 1R
21’. We

definea symplectic2-form aon IR” by:

a=~ d~A dq
1.

Let us denoteby a.u, ~- if I (k, —~-— if k <j (2k. The Poissonbracket
‘ aP,

of u andv in C~(W)is:

k iau 8u 8u au
{u u}=~ 1— —— — —

aq1 8c~aj;~ /

We put
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(6) pr(u u) = A1” . . . A’b~ ~r II

DEFINiTION 1.4. The formula

(7) u = Ul) + pr(u, v); u, v E C~(IR2k)
r>0 r!

definesa * -product on 1R21’. This * -product is called the Moyal * -product on
~2k

We shall envisagethe convergenceof (6) to a product definedby an integral

formula in suitable functionnal spaces.We considerfirst a such productin the

Schwartzspace~

90(~2k)

PROPOSITION1.3. ([7]). i) The symplectic Fourier transform F defined on
,~/(~2k)by

(8) (Fu)(~)= (2TYkfeia(t~E’)u(~’)d~’ (dE’ = dp dq)

isan involutive isometry0f,9t2(ff(

2k)

ii) Thesymplecticconvolutionproduct ~ definedon .~(IR21’)by:

(9) (u~u)(~)= (
2~)-kfe°~’~u(~’)v(~— ~‘) d~’

provides//(1R
21’) with an associativealgebrastructure.

iii) Letusdenoteby

(10) u * v = F(F(u) ~F(v)) (u, v E ,

9c(fl~2k)

Then,

(11) (u * v)(~)= (2~)_2kfJu(~‘)u(~”)e’~”~+ u(E”,t) + ~ ~‘ d s”. •

Let us call Weyl-Moyal product the product defined by (11) on $P(fl~2k)

An easy computation based on formulas (8) and (9) permits to prove the
following identities:
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LEMMA 1.1. Let u, ye ~(JR2k) Thenforj = 1,2, .. . ,

au au~
F — =—p,F(u); F —J=iq1F(u)

aq1 ap1i

a a
F(p1u)=i —F(u); F(q.u)=—i —F(u)

aq, “

a av
—(u~v)=u~—+i(p.u~v)
aq. Uaq. / 0

a a
— (u~v) = u~— —i(q.u~v)
ap1 aap, /

au av
q1(u~v)=i~ —ap1 °ap1

au av
p.(u~u)=—i— v+ju —.

/ aq1xo xaaq

In fact (11) is an integralformulafor the * -Moyal product:

Let (x1) (I = 1, 2, - . . , 2k) bethe dualbasisof (p1,q1) i.e.:

<(~ ~ (x1 p1 + xJ~~q/).

PROPOSITION1.4. ([8]). Let u and u be distributions in ,~/2l(JR2k) with (usual)

Fourier transofrmsi~and i~with compactsupport.By theformula:

~, ~)= (u~(x) ö(y),e’2 A(x~Y)~(x+ y)); ~ E C~(JR
2k)

with h C JR and A(x, y) = A” x,y~,we define a distribution ü o ~ in ~ (JR2k)

with compactsupport.Moreover:

i) the serie u - v + ~ — -~--Pr(u u) convergesin SI’ ~(JR2k) to anr>O 2 r!

elementdenotedby u 0 V.

ii) uov=uov

iii) If moreoveru andV are in S/(1R21’)andh = 2, then;

UDV=U*V (* definedby(l0)). •
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Proof i) and ii) are proved in [8]. We give here a short version of this proof:

For spin C~(JR21’)let us write:

1 h
R

5(x,y)=p(x+y)~— i_A(x,y)r (x,yE1R
21’)

r>s

andfora=(ce
1, cwk)EIN.

aIa~
D°= ~ ~

ax1 . . - axk

Then,

D°R5(x,y)= ~ (D~)(x+y)P~(x,y) ~ _(~— A(x,y))
113k-t<r r>s—t r.

whereP~is polynomialwith degree~ t.

D°R5convergesto 0 an any compactset whens -+ + oo~Thenwe can write:

1 jh\r
~ o~, p) = E — —) (i~(x)®ü(y),(A(x,y))

T~p(x+y)).
r=0 r. 2

This last seriesis convergentin ~ ‘(1R21’) and thereforein S/~’(lR21’).Its sum is:

~ =~ ~ (~~)T~’1’ - . - A’~(x~.. .x~u)~O~..

denotesherethe usualconvolutionproduct).
i and ii are thenobtainedby Fouriertransform.
If moreover u E ,9’(1R2”), using the isomorphisms ~i (of 1R21’) and ~ (of

Sii7(lR2k))definedby:

(~u(~),i~)= — u(~,~) and 12(—~(~) = ~I~)(~) (~, fl E JR21’),

we verify directly that, for h = 2:

= L~(i~~15)
which is equivalentto iii. •

Convention. Untill now, we use * (without indice A) for the product defined

in proposition 1 .3 with h = 2.

PROPOSITION1.5. ([7]). If u andyE ~9”(IR21’)then,
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i)i*i=i~

ii) f(u*v)(~)d~=fuyd~

iii) the linear operatorl~definedfrom SI’ (1R21’) into 512 (JR2k) by

l~(u)=u*v

is continuousin L2(JR~,d~)and then can be extendedto a boundedlinear

operator(still denotedby 1,)on L2(1R21’, d~). •

The set / = {l~/uC SI’(lR2”)} is an involutive algebrai.e.
l*=l_. I o/ =1 -

U U’ U U U*U

Moreover it was provedin [7] that (S/2(1R2/c), *) is a generalizedHubert algebra
in L2(JR2k,d’).

Thereforeit is natural to considerthe associatedVon Neumannalgebra6 (p,

q) which is the bicommutantof l9~ in 2’(L2(1R21’, dp dq). The usual Weyl
operatorsW(i~)(1? C 1R2”) definedby:

(W(~)u)(~)= e”~’’~u(~— ,~) (~C JR2k u C L2(IR~,d~)

generate6 (p,q) ([7]). From this fact, it results the following propertiesof
6 (p,q).

PROPOSITION1.6. Themap/ : u C ,9°(IR21’)-+ C 6 (p,q) is injective. 6 (p,q) =

= l~~”is a typeIfactor, strongclosureof l~,in It’(L2(1R21’, dE)).

2k
Proof Let u be an elementof 517 (JR2k) with compactsupportin H [— a, + a]

2k 11

(a>0). If u~C~

9o(JR2k) satisfies to u~(E)=1 if ~EH[—n,+n] and
2k j=1

< 1, then l~(f)(~)= f(s)for any ~C H [a — n, n — a].

But l~(f) I!~2= f(u~* f)(u~* f) dp dq = fi u~fI
2(~)dp dq <IIfII~

2~
Therefore (u~*f_f,g)~<

2OfII~2Il~ 8~lIL2+ (u~* f—f,gK)I where

hasa compactsupporti.e. u~* f weakly convergestof- ~l~f/u C ,

9o(JR2k) fe L
2}

is densein L2(1R21’, dp dq) and from ([9]. A.l2, p. 334) we conclude that
6 (p, q) is the strongclosureof ~

On the other hand, for u C S/~(IR21’),l
0(u~)convergesto v when n -÷ +

whichprovesinjectivity of 1.

6 (p, q) is the Von Neumannalgebra generatedby the Weyl operatorsW(E)

and thenis a typeI factor([7]).

Moreprecisely,~ = f(Fu)(—~‘)(W(~’)f)(~) d~’.

Up to an unitary equivalence6 (p, q) admits only one irreducible faithful
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representation.The proof on this last assertion(which is essentiallythe unicity
theoremof Von Neumann)lies in [9].

PROPOSITION1.7. ([10]). The SchrOdingerrepresentationof 6 (p,q) is faithful
and irreducible. Any representationof 6 (p, q) is a direct sumofmultipleof the

last oneandofa (nonfaithful) representationp suchthat

_p~ +g
2

P(1U)=0 for u=e 2 -

In §3 we shall give an explicit realization of the SchrOdingerrepresentation.

2. ORBITSINg*

Let G be a Lie groupwith thealgebrag. G actsin the dualspaceg* of g by the
coadjointrepresentation:

(12) (g-~,X)=(~,Adg’(X));Xeg, gCG, ~Cg*.

Let W be an orbit of G in g*~Then by differentiation, we definea representa-
tion of g in the Lie algebraof completevectorfields on W: to X Cgwe associate

thevectorfield X definedon W by

d
(13) (Xu)(~)= — u(exp—tX~)I~_

0 uEC~(W).
dt

The tangent spaceT~Wto W at ~ is generatedby{X~,XCg} and the 2-form
adefinedon W by:

(14) a~(X~Y~)= (~,[X, Y]); X, YEg,

is a symplecticform on W ([3]).
G acts by symplectomorphismson W and each elementX C g appearsas a

C~functionXonW:

(15) X(~)=(~,X); ~CW.

is the hamiltonianfunction associatedto X i.e.:

(16) Xu={~,u}; uCC~(W)

The mapX~g -÷ Xe C~(W)is a linearrepresentationof g in thePoissonalgebra
(C~(W),{ -~ - }).



92 D.ARNAL,J.CCORTET

2.1. Parametrizationof an orbit

PROPOSITION2.1. ([6]). Let G be a connectedsimply connected,nilpotentLie
group with Lie algebrag. Eachorbit W (in g*) of thecoadjointrepresentationof

G admitsa globalchart C:

C:~CW~÷(p,q)CIR2k

suchthat:

i) thecanonicalsymplecricform (14) is a = dp A dq = ~ dp, A dq,

ii) eachfunction~ (XEg) hastheform:

(17) IoC~1(p,q)~~a~q)p. +a
0(q)

wheretheas’s (i a 0) are polynomialfunctionsin variables(q~+ ~ . - , q~).

DEFINITION 2.1. Each chart C on W which satisfy i and ii of proposition 2.1 is

calledanadaptedchart. •

Eachadaptedchart carriesthe *Moyal product(7) from JR2kon W. It is easy

to verify the hypothesisof proposition 1.2 for this *..product. In particular
[1,i~]~={i,i~};X,YEg.

Therefore to each adaptedchart C we associatea G-covariant *..product.

The correspondingrepresentationr of G by * automorphismsis obtainedby
integrationof therepresentationD~of g by *derivations:

D~(X)u= [~, u]~ u E C~(W).

As proved in [5] this last statementallows a theory of formal representations
of G in which are all unitary irreducible representations.Generally thereis no

equivalencebetween two representationsobtained from two distinct adapted
charts. In the formal treatmentthe variables (q1) play a privilegied role but

their choiceis non canonical.
We shall provethat the useof the * -Weyl Moyal product (11) on an suitable

functional space defines a canonical construction of the unitary irreducible
representationin analogyto the Kirillov theory.

2.2. The spaceSf(W)

Given an adapted chart (p,q) on W, we denote by SI’ (p,q) the Schwartz
spaceof C~,rapidly decreasingfunctionsin the given chart. We shall provethat
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this functionnal spaceis in fact independentof the choice of the adaptedchart.

LEMMA2.1. Let c1 be any polynomial diffeomorphismwith polynomial inverse

on JR’1. For anyfunctionu in Sf(s)weput:

(~(u))(~)= (u o ~)(~); ~e IR’1.

Then~ is homeorphicfrom S/’(~)into itselfwith the usualFrechet topology. •

Proof It is clear that ~ and ~ preservethe set of differential operatorswith
polynomial coefficients i.e. the set of semi-norms defining the topology of

LEMMA 2.2. Given a Jordan-HOlder basis (e
1, ... , e,~)of g* and W an orbit in

g*, there exists a unique indices family ‘1 <~2<~. - <12k such that for each

= ,~ ~ e. C W, theexpression:

= ~ - - ‘ ~ JR2k

definesa bijective mapfrom W onto 1R
2’.

Moreover:
1) ~ ~ . . . , ~); i = 1,2 n where P~is a polynomial function

2) The space SI’(W) of C~functionsu on W such that u o C 5P(lR21’), is
independentofthechoosenJordan-Holderbasis.

Proof 0 is defined in [11]. The independanceof SI’(W) with respectto the

choiceof thebasisresultsdirectly from lemma2.1.

Note that the spaceY’(W)was usedin a similar contextin [12]. •

PROPOSITION2.2. Let W be an orbit in g*• independentlyof the adaptedchart
Con W, the spaceS/~(W)is the spaceof C~functionsu on W suchthat u o

belongsto
5f(JR2k) •

Proof Usingnotationsof Lemma2.2, for a given Jordan-Häldenbasisof g* and
agiven adaptedchartC, the functions

~.oC:IR
21’-~JR (l=l,2,...,2k)

are polynomialanu then 19 o C1 is polynomial. UsingLemma2.1, it is sufficient,
in order to prove the proposition, to show that C o ~1 is polynomial.This can

be doneby inductionon thedimensionn of g.
Let us remarkthat the result is trivial for n = 1 or 2 sincedim W = 0.
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Let us associateto Wthe linearform Won thecenterz of g definedby

W(Z)=(~,z); ~CW, ZEz. :
IfKerW�’{O}:

Let us considerg1 = g/Ker W. Then W appearsasan orbit in g~’identified with
the orthogonal space of Ker W and the induction hypothesisgives the result.

IfKerW={O}

Thenz = IRZ is onedimensionalandg canbe written:

g=JRXoIRYoIRZo.~=JRXog1

where:

[X, Y] = Z and g1 ={X1 Eg suchthat [X1, Y] = 0}.

Let usidentify g~’with X’ anddefinee1Cg * by:

e1Eg~ and (e1,X)= 1

ThenWhasthe form:

W= U (exp—q~X.W1+p~e1)
q~ER

whereW1 is ag1 orbit in g~’.Thus we defineanisomorphism:

W-÷IR
2xW

1.

It is the first step of definition of the chart C, clearly: ~k = ~ ~ =

Let X, Eg1 be a basisof g1. In g~’,the coordinatesof 77 C W1 are:

ii~= (i~, X,>.

Ourinductionhypothesissaysthat forj ((k — 1):

q1 = O~(ii~,~. .. ~ ~1= ~“~i1
77J2(k-1)~

but if [X, X,] = 0, we havefor ~ = exp — q~X- 77 + ~k

= Ad expq~X- (X,) (77) =

if(ad JO2(X
1) = 0, then:

= + q~(n,[X, XI) = + q~[X,X,] (~)

or:

77~~ (~)[X,X1] (s).
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Theninductively, each77, is a polynomialfunction(er) of ~ i.e.

q1 = Q1(e~(~)- . . e1(~)); p1 = P~(e1(~),. .

But each is a polynomial function of ~, . coordinatesof ~in a Jordan-

-Hölden basisof g* thusthe sameis true forp~,q,, i = 1, - . . , k.

2.3. g-modulestructureon (SI’(W), *)

Like in § 1 and § 2 - 1, let W be an orbit in g* endowedwith anadaptedchart,
the correspondinglaw * andVon Neumannalgebra 6 (p,q).

Let R be a fixed elementin the spaceC [p, q] of polynomial functions in the

coordinates(p1,q1j=1,2,. ..,k).The map:

u C S/’(W) —* P
T(R,u) (r fixed, p” definedby (6))

is a differentialoperatorwith polynomialcoefficients,thena continuousoperator

on SI’(W), vanishingif r> degreeof R.
Thenfor fixed A, we definea continuousoperatoron Sf(W)by:

u -+ R *u (resp.u *~R)

where is the Moyal product(7) on W.

LEMMA2.3. ForR in C[p,q], uand yin SI’(W)andforA= i, wehave.-

R *~(u* v) = (R *u) *

u * (R *~y)~rr(u *~R)* y

(u * u) *~R= u * (y *~R)

R *~udp dq =fRU dp dq

where* is the WeylMoyalproduct. •

Proof C [p, q] is a *-algebra. Moreover each *~~polynomialof degreer in the
variables (p

1,q1j = 1, 2 k) is an usual polynomial of degreer. Therefore
it is sufficient to prove the lemma when R = p1 or R = q,. Using formulas of

Lemma1.1. aneasycomputationleadsto the identity:

(p. *~F(u))* F(v) = iF((__ +iPju)xV)

= p. *~ (F(u) * F(v))
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andanalogousidentity by substitutionof p1 by q1.
The lastassertionis obtainedby partial integration. •

Let us denote D(X) the restriction of D~(X) to SI’(W) for A = i and
D:g3X-+D(X).

PROPOSITION2.3. D is a representationofg byderivationsof(S/’(W), *). •

Proof Lemma2.3 proofsthatD(X) isa derivationof(S/(W),*). •

The associativityof the Moyal product gives the propertyof representation.

Remark2.1. Thereexistson b°(W)two otherg-modulestructures:

gx5”(W)—~-5°(W) gx 5’°(W)—45”(W)

and

—l
(X, u) —÷ — X * u (X, u) —÷ — u *

21 .2i

However in both casesthe elementsof g are not representedby derivations

on .9°(W).

3. REPRESENTATIONOFG

3.1. Representationsof G by automorphismsof 6 (p.q)

The goal of this part is to exponentiatethe aboverepresentationD of g to

the correspondingconnected,simply connectedLie group G.
At the one-parametergroup level we have to solve the following differential

equationin the groupof *-automorphismsof SI’(W):

d
— A(exptX) = D(X) o A (expt JO
dt

with initial dataA(0) = Id.

Let us recall that

N (—l)~
D(X)u = [~, u]~ ~ = p23+1(1 u) with

s=O ( s+ ).

(18)
2N+ 1 ~‘d°X.
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Usingthe expression(17) for X and with the conventionp0 = 1 we get:

LEMMA 3.1.

N a
2~’

D(X) = ~ ~ a +
s=0j~0 a

0 . 11.

‘I

N

(19) ~ aq1ap~- . . ap,

~p ~2 ~2s>~

where the coefficientso~ and 13 / are polynomial functionsin the

variablesq1(j= 1,2,.. .,k). ,

Let ,~ be the (usual)partial Fourier transformwith respectto thevariables

p1 (j= 1,2 k). ~.~,,C9’(p,q))= .9’(ir,q) and let us denoteD(X)= ,~o

oD(X) °

As animmediateconsequenceof theexpression(19) we have:

LEMMA 3.2,

(20) D(X)=~(aj(1r,q) — +131(ir,q) _~_)+iao(1r,q)

wherec~(ir,q)(resp. ~3,(ir,q))ClR[ir1±1 ~ . . . ,q~]

a0(ir,q)EJR[ir,q].

Remark. The last term a0 in D(X) comesfrom the termobtainedatj = 0 in (19),
theonly non real term in this last expression.

LEMMA 3.3. With the abovenotationslet 4be the vectorfield:

+131(~,q)_) (l=l,2,...,k)

i) theflow of V~.isgivenon eachu EC°(ir,q)by:

(expt V~u)(7r,q) = u(7r~+ A,(t, ir, q),q. + B1(t, ir, q)) =

(21)
= u(expt V~(7r,q))



98 D. ARNAL, i.C. CORTET

where:

Bk(r, ~r,q) = tj
3~, Ak(t, irq) = tcxk

A
1(t,~,q)=f a~+A1(s,~,q),q1+~(s,~,q))ds

(22) or k-I

B~(t,~,q) = f 13~+A,.(s,~,q),q1 +B1(s,~,q))ds

JO

A.(t, ir, q) = B,(r, ir, q) = 0 if i <I.

ii) A1(t,~r,q)(resp.B1(t,rr,q)CJR([ir.~1 7r~,q,÷1,- . - ,q~]).

Proof Sincea~(ir,q) and 13.(ir, q) dependonly of the ir1’s and q1
1s for I> i, we

cancomputethe flow of V~from thoseof V~(i> 1).
Then from the flow of V~(vector field with constantscoefficients)we compu-

te the flow of V~till / = 1. The part ii) of the lemmais a direct consequence

of the expression(22).

PROPOSITION3.1. Let X be an elementofg. For a given functionu in Sf(ir, q)

theequation:

aF
(23) — (t, ir, q) = (D(X) oF) (t, ir, q)

at
with boundaryconditionF(0,~r,q) = u(ir, q), admitsa uniquesolution:

(24) F(t, ir, q) = e00(~~~SV~(ir,q))ds. u(expt V~(ir,q))

(W(t,X)u) (ir, q) = F(t, ir, q) defines a continuousoperator on St(ir, q) which

admitsan uniqueunitary extensionon L2(lR21’, dp dq). •

Proof Since D(X) = V~+ i a
0, the solution (24) of equation (23) is easily

deductiblefrom the flow of V~(given by (21)).
From the polynomial characterof this flow and from the unitarity of

ehb0tib~~~~~(ir,Is we deducethe stability of St(7r, q) underW(t,X) and the
continuity of W(t,X)u from JR in L

2(1R2”, dp dq) for any C~function U with

compact support. Moreover W(t,JO is unitary since the Jacobianof the map
(ir,q)-±exptV~(ir,q)is1.
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t ~ W(t, JO definesan one parametergroupof unitary operatorson L2(IR2~,
dp dq).On Sf(7r, q) the generatorof thisgroupis ~(X). Let usdenote

U(t, X) = 1 o W(t,JO o

We haveevidently:

PROPOSITION3.2. For each elementX in g, there existsan uniqueunitary one-
parametergroupU(t, JO on L2(W, dp dq) suchthat:

i) S/~(W) is containedin the domain of the generatorof U(t, JO and stable
underU(t, JO.

ii) On St(W), ~— U(t,JOI~
0=D(JO.

PROPOSITION3.3. i) There exists an unique unitary representationU of G in

L
2(W, dp dq) suchthat:

d
—U(exptX)=D(X) on St(W); XCg.
dt

ii) Let a(g) : St(W)—÷ 51(W) be the restriction of U(g) to S/(W) (g C G).

Then the map g C G ~ a(g) is a representationofG in thegroupof(continuous)
*-automorphisms of 51(W),

Proof i) Letg
1 = exp X and g2 beelementsof G. Foru in 51(W):

— U(g2) U(expt JO U(g~
1)u It = U(g

2)a D(X) o U(g~’)u.

Now by a Taylorexpansionin s = 0, we verify that for any Z in g we have:

U(expsZ)D(JO U(exp — sZ)u= D(Ad (expsZ))u

and then,

U(g2)oD(X) o U(g~’)u= D(Adg2(JO)u.

Thereforethe generatorof the one-parametergroup U(g2) a U(exptX) ° U(g~’)

coincideson 51(W)with D(Ad g2(JO) andthen for any tin IR:

(25) U(g2)o U(exp tX) a U(g~1) = U(exp t Ad g2(x)).

In order to prove that U is a representationof G, we considera sequenceg1 of
idealsing such that dim g1 = /. Let G1 be the connectedsubgroupof G with Lie

algebrag1.
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The restrictionof U to G1 is a representation.Let us supposethat therestric-

tion of U to G1_1 is also a representation.Then eachg C G. can be written g =

=g1-exptXwhereg1EG11andx~G1_1.

We have(25):

U(exptX)U(expY) U(exp—tX)= U(exp(AdexptX(Y))); YEg/l.

From theinductionhypothesiswe obtain

V(gg’)= V(g) V(g’); g,g’EG1

where V(g) = U(g1) U(exp tX),
At leastif ZEg,, Z = Y+ AX, we have:exptZ = exp Y(t)exp A(t)X where

t -÷Y(t) (reps. A(t)) is a polynomial function of JR in ~ (resp,IR) such that:

ax
Y(0) = 0, — = Y resp.A(0) = 0, I = A

at ~ at
On 51(W) the generatorof theone-parametergroup V(exptZ) is

d
dV(Z) — (U(exp Y(t)) U(expA(t)X)) r....o**dU(Y+ AX).

dt

Then Vand UcoincideonG1.
ii) Let u and~be elementsof 51(W).Weeasily verify that:

a
— U(exp — tJO [U(exp tJOu * U(exp tX)v] =

— U(exp — tX) D(JO [U(exp tJOu * U(exp tX)v]

+ U(exp— tJO [(D(JO U(exp tJOu)* U(exp tX)v]

+ U(exp— tX) [U(exp tX)u * (D(JO U(exp tX)v] = 0.

It results from proposition 3.1 that cr(exp tX) is a continuous* automorphism

of 51(W).

THEOREM 3.1. There existsa unique representationr5of G in thegroupofauto-
morphisms of 6(p, q) such that:

d
(26) ~ Te,cp~(Iu) It = o = [D(X), l~]=

1D(X)u’ u e 51(W), XE g.

This representationis definedby:

(27) Tg(lu)= U(g)oI~oU(g~)=l~(
5)0u~51(W),gEG. •
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Proof As a matterof fact ag being continuous,the map1~ 1u(g)u canbeextend-

ed to 6 (p,q), strong closureof 15,,. This extensiondefinesa representation
Tg satisfying(27).

Thenfor yin 51(W).

r
5(l)(v) = (U(g)u) * v= U(g)(u * U(g ‘)(v)) = U(g) o/~oU(g ‘)(v).

By differentiation, this expressiongives (26) and the unicity of r comesfrom the

densityof l~,in 6 (p,q).

Remark3.1. The constructionof 6 (p,q) and U dependsof the choosenadapted

chart.Howeverwe shall seein §3.3 that thepassagefrom an adaptedchartto an
other one inducesan unitary equivalencebetweentheseobjectswhich are then
essentiallyunique.

Remark3,2. A similar constructioncanbe performedwith theLie algebrarepre-

sentationsdefined in remark 2.1. Indeed the operatorson 51(W) definedby:

1 1
uE 51(W)-÷—— ~*xu resp.uE5°(W)-* — u

2i 2i

are differential operatorsof the sametypeasD(X). Thenwe havefor theserepre-

sentationssimilar propertiesas those of lemma 3.2 and propositions3.1, 3.2,

3.3.i) for D. 51(W) is stableunderthe correspondingrepresentationsof the group
G in L

2(lR21’, dp dq). However theserepresentationsdo not act on 6 (p, q) by

automorphisms. a

3.2. Gelfand-Naimark-Segal(G.N.S.) representationof 6 (p. q)

In this part *~ (resp. *) denotesthe Moyal product for A = i (resp.theWeyl
Moyal product)on W in a fixed adaptedchart(p,q). dp dq being the Liouville
measureon W is independantof this chart, we shall denoteby L2 the space
L2(W,dp dq).

LEMMA 3.4. 1) The real solutionsof the equation:

(28) (p,—iq
1)*u=0 (j=1,...,k)

a
are u1(p,q) =f(p, q) e 2 where f(p, q) C C(W) and satisfiesto =

ap~
aq1 - _p

2+q2

2) Let usput &2(p,q)=21’e 2 E51(W).Then:
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(29) II~tIL2=(2~Y’

(30)

(31)

(32) ~ •

Proof 1) (28) canbewritten:

au au
p1u + — —i q1u + — = 0 and the solutionsfollow easily.

ap1 aq,

2) (29) and (30) are obtained from a direct computation. Note that the
conjugateexpressionsof(28) and(29) give:

fl *~(p1—iq1) = 2(p1 —iq1)~2

S~l*~(p.+ iq,) = 0.

On theotherhand it is easyto verify that:

F~=

Then (31) is a consequenceof f2~F(u)~~Z= (u ~)L3(4~Y’~~ ([7]) and it
is easyto verify directly (32).

LEMMA 3.5. For everymultiindice 1 = (li, . . - l~)C INk with length Ill = /

wedefine:

(33) ~,(p, q) = 2ifl(l!)1I2(4~)k/2 *~ (p1 + jq)*~!1*~.

1) fl1E 51(W)and:

(34) (p1 + iq10) *~&2~= 2(l,,~+l)
1”2f1

1÷1(j~)

(35) (p1—iq1) ~ = 2/~2~,_1(jO)~

=0 if 1=0

(/ + eI = (li, 12 ~i~_1~ ~0 + ~ 11, + 1, - - ‘

(36) (p7+q/)*~fl1=(2+4l,0)f
2,

(37) (p2+q2) *x~~l1= (2k +4111)~-

2) The set fly, 1 CIN’~is orthonormal in L2(W, dp dq) and is maximalin
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K={uE 51(W)/u*

3) The set { ~2,* ~m (I, m) C INk x lNk} is an orthonormal completeset of
L2(W,dp dq). a

Proof 1) From (33), we see that &2~C 51(W). One the other hand,we have:

+ = (p, + iq,~)*~(f~
0— iq10) + 2 = (p1 — iq,) *~(p,+ iq10) — 2.

This givesimmediatly:

(38) (~
2+q~)*~l=2~Zand (p2+q2)*~=2k&~.

On the otherhandthe relation:
1 1 1

(39) (p,2+q
1

2)*~(p~~

/EJN1’, j,jol k,holds.

From(38) and(39) we get:

k ~i k
(40) (p.2+ q.2) *X (p. + iq.)*~~* = (2k + 4/. ) ~X(p. + iq.)* * çZ

~ ° ~=i ~

k ~/ k 1/ k
(41) ~ .I’~

j=1 j=1 j=1

~+iqj)*x.

From (41)we deduce(36) and (37).

(34) is immediateand(35) a consequenceof a calcul using(36).
2) The orthogonalityof the fl~’scomesfromthe property

+ q~~)*~•~~Z
1~m)L2 = (&Tl~ I (p/ + q1~)*xc~m) and,

(36) II fl~112 = II (p + iq1~*x~l1(/~,II

I1 ~1-1(j~) II ;J~=1 ~ k andthen~~i 112=11 ~ 112 = 1.

We put:

K={u C 51(W)/u* cz = u}={u * WuC 51(W)}.

Let us considerthe Hermitefunction in L
2(W,dp dq) : h

1 =

2~kht where:
1=1 1

(— 1)” ....:~i.i... d” _~2

hi (X.) = ____________ - e 2 - —i-- e ‘ (j = 1 2k,1. IN).
~ (l

1!2
1jV’~)~/2 dX~1 /
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WhereX, =~ifl ~j( k,X, =q,ifk+ 1 ‘(j2k.

If u = ~ C, .~ihi. is the expansionof an elementu C K CL2(W,dp dq)
lEf~ j1 I

on these functions, u,~= ~ C
1 211k h/ convergesin L

2(W,dp dq) to u. (the
I/I~n j=I j

convergenceis in fact uniform on W).
Since u C K, the relationsu *~(p

1+ iq1) = 0 (j = 1, 2 k) i.e.:

(42) ((p1+ _)+i(~j+ _))u=0 (j=l,2,...,k)

hold.

But

Thenu~satisfies(42) for eachn.
Writting u,~on the form:

— -
1z~

u,~= P,
1(Z, Z) e 2 (Z, = p, + iq1 and .F~a polynomialfunction),

—

wehave ~-?=0(/=l,2,...,k)i.e.P(Z,Z)=Q(Z).

/ I _ZZ
Since ~ = 1/2 /2 R,(Z)e 2 with R1 polynomial function of higher

(I!) (ir)k

term Z
1,u,~is necessarilyof the form:

u,~= a
1 with ~ a1 12<11u 112

lL~n

Thusthe series~ a1 f2~convergesin L
2 and its limit is u since:

IIu— ~ a,~,II2=Ilu—u~II2-+O.
I 1I~n

Theset { &2~}is total in K.
3) Usingformula(35), weobtain:

~‘ 1/2

* ~i I ~ * ~,)L2 * ~l-1Uo) I ~m * ~l_1(jo))L?

from which we easily deducethe orthogonalityrelationsand the normalization

of the f2, *

It canbe easilyobtainedfrom (34), (35) that
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(p,÷iq,)~2,* ~ =2(l+e)”
2f11..1u)* ~m +i{(P~ +q,,)~2

1*

is a linear combinationof elements&2~m’~’ m C N”). The same fact holdsfor all
— p2’.fg2

functions of the form R(p,q) e 2 (R(p,q) polynomial function) which

are densein L
2(W, dp dq). This provesthat * is a orthonormalbasisof

L2(W,dpdq).

(32) meansthat &2 is a projector in 6 (p,q) and (31) allows usto definean
associatestateon 6 (p,q) definedby:

(43) w(7(4~)_k(~IT~)(TE6(p,q)).

More precisely we have following propositionderivedessentiallyfrom formulas
(29) to (32) andthe strongdensityof/s, in 6 (p,q):

PROPOSITION3.4. 1) Theformula w(I) = (4ir)_k (~I Tfl)for eachTin 6 (p,q)
definesa statew on 6 (p,q).

2) If u E 51(JR2k)

( —1-(p2+q2)
e 2 i7(p,q)dpdq.

3) If TC 6 (p,q), w(T*T) = Oifandonly if T&Z = 0. a

In order to constructthe G.N.S.representationassociatedto w, let us consider
the ideal .~ in 6 (p,q):

3={TC 6(p,q)/TcZ=0}.

Then the space6 I ,9~,is canonically endowedwith a scalarproductdefinedby:

(43) (TIS)~=w(T*S) (T,SE G(p,q)),

where T-÷TE 6 /S’JT~is the canonical projection of TC 6(p,q). Let ~

be the completionof 6 / 9~)with respectto ( I )~-

Let us definethe map 1 fromK into ,)~,by:

(44) i~(u)=(47r)~2/~uCK.

lI~~II~= ~(/) = (
4~k U II~ i.e. II ~(u) II~= lu IIL2.

On the otherhand,if TE )�~,ye> o, 3u C 51(W)/Il T—cL=II (T—l~)~ZllL2 <�

(strongdensityof ~ in 6 (p,q)).
Then Ø~is an isometricmap betweenthe space ,*‘~J of the G.N.S. represen-
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tation and the closureKofKin LAW,dp dq).
Howeverinsteadof usethis realizationof ~ we give anotherunitary equiva-

lent form of~~°,identifying K(andthen ~‘W~ with L2(IR”, dx).

LEMMA 3.6. 1) Wedefinean unitary map i~i from Kon L2(IR”, dx)by

(~i)111 ~ d’~
,/.i(&~2,)=k

1(x)= e
2 —e~ (lEN”, xElR1’).

(l!2h1I v’)1/2 dx1

2) We consideron L2(IR”, dx) the operators~ (/ = 1, 2 k) definedon
51(JRk)by

a a
a.+=x.____ a~=x.+ —

/ / ax
1 / / ax1

Then,for/= 1,2

(45) ~1Li((j~,+ iq1) *~&Z,)= i\/~a1~(k1)= 2(1, +

(46) i4#(p1—iq1)*~f2,)=_i V’~a7(k,)=2/f1/2k11(/~ if l,>0

=0 if l,=0. •

Proof 1) holdssincethe k1’s are (up to a Fourier transform)the usualHermite

functionsin ~
2(J~~c,dx),

2) is a consequenceof (34) and (35) and of well known relations on the
Hermitefunctions(seefor instance[11]).

Now with the map i,1i o ~‘, we have identified L2(JR”, dx) with .)r~.Using

the definition of the GNS representationir~:ir~,(7)(S)= TS; T, SE 6 (p, q),
we obtain the following realization of the so-calledSchrodingerrepresentation

of6 (p,q):

THEOREM3.2. 1) The G.N.S. representation ir of 6 (p,q) associatedto the
statew is givenon theHi/bert space

= L2(IR”, dx)

by:

ir(T) = o To ~1rkf); TC 6 (p,q), fC ~

with cyclic vectorcZ~,~Z(x) = k
0(x) = (~ç)1/2 e

2.
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2) In particular, if u C 51(W)

= i~i (u * ~-~); 1 C IN”.

(47) c=ir~(l~)k0=~u *

~ = (4ir)~
2k,. •

We denoteby U themap definedfrom 51(W) into L2(IR”, dx) by

0(u)=l~ uC51(W).

Using (47), (45) and(46) canbewritten:

(45’) 0 ((p
1 + iq1) *~~

2,)= 2(l~+ ~)1/2~ +

(46’) OUp
1 —iq1) ~ = 2l/’

2O(f2
1.1~) if l~>0

=0 if l~=0.

Linearcombinationsof(45’) and(46’) give:

LEMMA 3.7. For eachfinite linear combinationu of the a/s, wehave

0(u)
a

(48) 0(q1 *~u)= 2 x1 0(u) j = 1,..., k.

0(u *~p1)= 0(u *~q1)= 0 •

Remark3.3. The last line in (48) is obtained with the equality (u *~p.)=

= O(u *~p1* ~Z). (48) can be easily extended by continuity to any u in
51(W).

Remark3.4. 7r~,is clearly faithful since:

ir(T) = 0

implies:

,,Li(Tu)=0; uCK.

In particular:

T~Z1=0; 1CJN
1’.

Now let r~— be the boundedoperatoron L2(W,dp dq) suchthat
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r~(u)=u* cZ; uE51(w).

Of course

/or_rr._o/ UE51(w).

Then Tbelongingto /~, satisfies;

Tor_ =r— oT
~m ~m

i.e.:

* = r~(Tf21) = 0 (1, m C IN”) i.e. T= 0.

ir is irreducible: if A C51()~°)commuteswith each7r~(T),TC 6(p,q), it

commuteswith ir * but:

~o~(ln,*~m)kn~mn1i; m,n,1CJN
1.

Thus,

Ak, =A ~ =(l~
0~—)Ak1IEIN

1’,

which implies:

Ak,=a,k
1 /EINk;

and:

m*~ik~~~1km ~m’~m

Thus

A = a Id.

3.3. Unitary representationsof G

We first recall someresultsin the usual theoryof orbitsby Kirillov ([3]).

IfXCg, we knew that in an adaptedchart(p,q) on W:

I(p, q) = ~ a1(q)p1 (with conventionp0 = 1) (17).

We considerthevectorfield X on IR” definedby:

1 k a
X=— ~a.(~/~’x) —.

1=1 / ax,

Then, the theoryof orbits assignsto W theirreducible unitaryrepresentationR of
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G definedon L2(IR”, dx) by:

(49) (R(expX)f)(x)= eu/21o’a
0(~exp-sX~X)dSf(exp — X .

fE Ll(lRk, dx), X Cg

(49’) = e~f(x g) with obviousnotations.

In fact the peculiarform (49) of R canbe establishedby inductionon the dimen-
sion of G. Let us brievly describethis construction.

As in proposition2.2 we distinguishtwo casesaccordingto the kernelof the

form W on the centerz of g (W(Z) = (~,Z>; ZE z, ~C W). We refer to proposi-
tion 2.2 for notations.

If Ker W �z 0, thenR canbe consideredas the correspondingrepresentationof

G1 with Lie algebrag/Ker W.
If Ker W = 0, then R is induced by a unitary representationR1 of G1 (g =

= IRX +g1) actingon L
2(IR”~,dx

1 . . - dxk..l) ([1 1]).

With identitication of square integrable functions from JR = GIG1 into

L
2(IR~~,dx) and functionsin L2(IR”) we canwrite:

(R(expX
1 exp tX)f)(xk) = R1(exp Ad exp — xkX(Xl))f(xk — t)

= f([exp — Ad exp — x~X(X1)](x1~..., x~1),xk— t)

But a direct computationshowsthat:

[(exp — tX oexp— X~j)x1= [exp — Ad exp — xkX(Xl)](x ~ x~_~)j~for /< k

if j=k.

Themultiplier is thus:

exp[iI2f’ a0~(V~[exp — s(Ad exp — x~X(X1))](x1’•’ x~i))ds]

where cx0~(q q~1) is the term with degreeOinpin Ad eXp—XkX(Xl)On

the orbit W1 of G1 throught 0. We deducefrom proposition 2.2 that

- - - q~)= cr0(x1~,,•~xk) and the multiplier is then:

exP(i/2f a0(~exp—sX ~x) ds).
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In fact (49) differs from the usual presentationof Kirillov’s theory by the fact

that, for normalizationreasons,we use as inducing characterfor R half of the

usualone.
We shall now prove that in the GNS constructionof 6 (p, q) the representa-

tion of G constructedin theorem3.1 is tinitarily implementedby R.

THEOREM 3.3. Usingnotationsoftheorem3.1

~(r5fl=R(g)1r(~~,(T)R(g
1); TE6(p,q), gEG. •

Proof Lemma 3.7. implies on each finite linear combinationu of the ~
1’s that

ifXCg, i(p, q) = ~ a1(q)p1 + a0(q) anda0(q) = a~1

0(D(JOu)=(__ + —

i (2m)!

(50) — __~Eao2m mt2ImI 0(u)=T(X)0 (u) where

21JOis definedon 51(IR”) by:

1 k a i i (2m)!

T(x)=(_~cy~/~Jr)~— + — a~~\/~x))_~ m!21m1 =

= X + — a0(’/~x)+ i C,~ where C0C JR.
2

If v is a finite linearcombinationof the ~ * ~m
1sthen,

— ~w(TexptXl)(O (u)) ~= 0 = ~w(1D(~)(0 (u)) (th.3.1)

~w(D(X)~*u~ k
0 (th.3.2)

=0((D(X)v) * u)

= 0(D(X)(v * u)) — O(u * D(X)v)

= T(X) air (l)(0(u)) — ir~jl0)a T(X)(0(u)) using(50)

= [T(X), ~~~f~0)]0(u).

Thenwe have:
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(51) irw(Texpxlv)= eT(~)ir (lu)eT(X) on L2(IR”, dx),

the exponentiationof T(X) beingvery similar to theseof D(X) in proposition3.1.

(51) is thenextendedto:

irw(Texpx S) = eT~Oir~(S)eTa)

forSinl~,and then in 6 (p,q).
But,

(R(exp— X) eT(X) f)(x) =

= eT xp Me’12 foboo(~exP_sxexP_xMdxeiCof(x exp X . exp — X) =

= e~PMeP~X)e~(_’of(x), (f C L~(W,dp dq)).

Thenfor XCg, SC6 (p,q), fE L2(W,dp dq),

R(exp— JO eT(~0)7rjS)e_T(X)R(expJOf= e~’°ir~(S)e~°f= irjS)f.

Thislastrelationprovesour theorem.

The spaceH.S. of Hilbert SchmidtoperatorsonL2(lRk, dx) is unitarily mapped

on L2(JR2~’,dx dy) by ~ C L2(1R21’,dx dy)~ A~,CH.S.suchthat:

A(f)(x) = ( ~(t, x)f(t) dt; fC L2(JR”, dx).

By this isometry,the unitaryrepresentationR of G x G definedon H.S. by

~(g,g’)(A)=R(g)oA oR(g’~); (g,g’)C G x G,A C H.S.,

is transformedin a unitary representationR of G x G on L2(lR2”, dxdy) defined

by:

= R(g,g’) (Aç) ~ C L2(lR21’, dxdy).

(~(g,h)A~(f)(x)= f e~~’~(tg’ - x) e~’~”)f(h . t) dt =

JJRk

t, g1 x) ~ ‘~f(t)dt.

Then
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(~(g,h)~)(x,y)= ~ 1x,g~1y)

(52) (R(g,h)~,)(x,y)=

= ~ g 1y); ~ C L2(IR2k, dxdy); g, h C G.

By partialdifferentiation,if X Cg;

(dR(X,0)~i)(x, y) = (dR~(X)~i) (x, y),
(53) —

(dR(0,X)~o)(x,y)= (dR~(X)p)(x,y),

on the space L2(JR2”,dx dy)~of differentiablevectors for R, where dR~(X)
means the action of dR(X) on the variable y and dR~(X)the action of the

complexconjugateof dR(JOon x.

PROPOSiTION3.5. The space L2(1R21’, dxdy) (resp. H.S.**) of C” vectorswith
respectto theunitaryrepresentation~ (resp. R) ofG x G are:

L2(1R2”, dxdy)~= 51(JR2k)

(resp. H.S.~= 1rj14).

Proof Since the operatorsdR~(X)(resp.dR~(X))generatethe ring of all diffe-

a a
rential operatorsin — resp. — with polynomial coefficients([11]) the

ay
1 ax,

operatorsdR(X, Y) generatethe ring of all differential operatorswith polyno-
mial coefficientsin the variables (x, y) C 1R

21’. Then the first assumptionof the

propositionis a consequenceof theresultsof [13].
If u C 51(W), then rr~(l~)C H.S. ([7]) and 7r(l~) 1/1(v) = 1/i(u * v) for any

finite linear combinationv of the &2~’s.
In thesameconditions,the infinitesimalactionof R is given by:

dRX (7r,~,,(l~)1/i(v)) = X(7r(/~)1/i(v)) + iy(X, -) (1r~(l~)1/i(v)); XCg

(using notationsof (49’)). From lemma (3.7) we deducethat:dR(X) a irj/~)) =

= 1r~(lp~~)wherePis a polynomial functionin (p,q). Similarly:

7r(l~)o dR(X)=

Thenir~U,~)is aC~vectorforR.
Converselyif A C HS~and if ö is the elementof the envelopingalgebra~/I(g)

ofgsuchthatdR(~~)=�— ~ +x

1

2, then:dR()’)(A)EH.S.(~~

is the elementof ~ (g + g) = ~ (g) n 5/t(g) product of b’~® 1 by 1 ® ö~)and
for any integersn, n’ we have:
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(dR(~. ö~)Ak11km) = (dR(~)A dR(t~))k1 1km) =

=(A dR(~)kildR(o~)km) (kiCL
2(lRl~,dxy*)

= (2k +111 + 2Y2(2k + Im I + 2y~(Ak
1Ikm).

Thenif we write:

Ak,=~ Cimkm with Cim=(Akilkm) then:

(54) ~lCi,mI2(2k+llI+2)2n’(2ImI+2)2n<00 n,n’CIN.

u = ~ C, m ~m * ~ belongsto L
2(W,dp dq) and moreoverthanksto (54) and

tm

lemma 3.5, for any polynomial functionP and Q in (p,q), P*~u*~Qbelongsto
L2(W,dp dq).We shall provethat in fact u C 51(W) and7rjl~)= A.

Since

p ~* — (p,~*~~TZ
1*~2m+&ui *

a 1 —

~
ap1 2z

and similar expressionfor q1(&21 * ~ and (~L~* ~m~’ any differential

operatorD with polynomialcoefficientsactsonu on theformDu = ~ 1~*~u *~Q, C

C L
2(W, dp dq). Then U is a C~vector for the representationof the 2k-dimen-

a a
sional Heisenberggroup given at the infinitesimal level by ip., — , iq. —

‘ aq
1 / ap1

/ = 1,,.., k i.e.u C 51(W).Now for fixed multiindices1~,m0 we have:

(7r(l~)ki,km) = (1/i(u * ~~)I1/lmofl =

= ~ Cim(~m * ~i’ ~m0 * ~i) = ~0,m0

Thereforeir(l0)=A. •

THEOREM 3,4. Let (p,q) and (p’,q’) be two adapted charts on W and
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(6 (p,q), r) (6 (p’, q’), r’) the associatedVon Neumanalgebrasand representa-
tions. Then, there existsa spatial isomorphismSfrom 6 (p,q)onto 6 (p’,q’)
suchthat:

r;=sorgas~1; gCG. •

With the new adapted chart, we define a new *-product ~‘, a new algebra
6 (p’, q’) = l~9~anda statew’ etc

In )~°, we denoteby R’ the unitary representationof G. Following Kirillov

thereexistsa unitary operatorV from ~ to )~°~ suchthat:

VoRo V~=R’.

See[14] for an explicit expressionof V.
Cleraly the operatorV from H.S. to H.S.’ definedby:

V(A) = VoA a

inducesan unitary equivalencebetweenR and R’. Let U be an elementin 51(W),
since A = 1rjl~)is C~for R (prop. 3.5), V(A) is C~for R’ i.e. in H.S.~,thus
thereexistsan uniqueelementw(u) in 51(W)suchthat:

(55) V(7r(l~))= irW~(lW(U)).

The relations:

V(1rjl~))a VOr ~ = ir.(l’(U~) ir.(l~,(U))=

= ir~(lwu1~~02)=

= c’Orjl~)a 1r(l~))=

= V(7r~(/~~~))

and:

V(1r(l~)*)= V(ir (10)) = lrW(1W(U)) =

imply:

w(u1*u2)=w(u1)*’w(u2); w(u)=w(u).

w is unitarysince:

(1T(l)kllk)=(u*~ZiI&2m)=(uI&2m*f2i); l,mCIN
1’

implies:

II 7r~(l~)IIH.S. = lu IL” = II irW(lV(U)) IIH.S.’ = II w(u) IL”
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and the samerelationholdsfor w 1

Weextendw andw’ to L2 without changeof notations.Finally:

lr(r(1W(U))) = R ‘(g) lrW(lW(U)) R ‘(g 1) =

= R ‘(g) V(lrO)(lU)) R ‘(g’) =

= V(R(g)7r~(/~)R(g~))V1 =

= V(irjr
5(l0))) = ~(irw(lU(g)u)) =

= ir~,.,(lw(U(g)u))= irw(lU(g)w(u))~

Let usdefineS from 6 (p,q) to 6 (p’, q’) by:

S(T) = Wa Tow
1

we havea spatialisomorphismsuchthat:

S(Tglu) = S(lU(g)u) = ~‘w(U(g)u)= 1U’(g)w(u) = r(lW(U)) =

= ~ Q.E.D.

Remark3.5. Generally, w is distinct from the unitary operator between
L2(W,dp dq) and L2(W,dp’ dq’) defined with the changeof variables.Thus we
seethat the *-productsdefinedon 51(W)by meansof an adaptedchart depend

of this chart.Howevertheorem3.4 provesare all unitarily equivalent. •
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